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Abstract. In this paper we investigate the problem of partitioning an
input string T in such a way that compressing individually its parts
via a base-compressor C gets a compressed output that is shorter than
applying C over the entire T at once. This problem was introduced in
[2,3] in the context of table compression, and further elaborated and
extended to strings and trees by [10,11,20], but it is still open how to
efficiently compute the optimal partition [4]. In this paper we provide the
first algorithm which is guaranteed to compute in O(n polylog(n)) time
a partition of T whose compressed output is guaranteed to be no more
than (1 + ε)-worse the optimal one, where ε is any positive constant.

1 Introduction

Reorganizing data in order to improve the performance of a given compressor
C is an important paradigm of data compression (see e.g. [3,10]). The basic
idea consist of permuting the input data T to form a new string T ′ which is
then partitioned into substrings that are finally compressed individually by the
base compressor C. The goal is to find the best instantiation of the two steps
Permuting+Partitioning which minimizes the total length of the compressed
output. This approach (hereafter abbreviated as PPC) is clearly at least as
powerful as the classic data compression approach that applies C to the entire
T : just take the identity permutation and set k = 1. The question is whether it
can be more powerful than that!

Intuition leads to think favorably about it: by grouping together objects that
are “related”, one can hope to obtain better compression even using a very
weak compressor C. Surprisingly enough, this intuition has been sustained by
convincing theoretical and experimental results only recently. These results have
investigated the PPC-paradigm under various angles by considering: different
data formats (strings [10], trees [11], tables [3], etc.), different granularities for
the items of T to be permuted (chars, node labels, columns, blocks [1,19], files
[6,23], etc.), different permutations (see e.g. [14,25]), different base compressors
to be boosted (0-th order compressors, gzip, bzip2, etc.). Among these plethora
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of proposals, we survey below the most notable examples which are useful to
introduce the problem we attack in this paper, and refer the reader to the cited
bibliography for other interesting results.

The PPC-paradigm was introduced in [2], and further elaborated upon in [3].
In these papers, T is a table formed by fixed-size columns, and the goal is to
permute them in such a way that individually compressing contiguous groups
of columns gives the shortest compressed output. The authors of [3] showed
that the PPC-problem in its full generality is MAX-SNP hard, devised a link
between PPC and the classical asymmetric TSP problem, and then resorted
known heuristics to find approximate solutions for the A-TSP based on several
measures of correlations between the table’s columns. For the grouping they pro-
posed either an optimal but very slow approach, based on Dynamic Programming
(see below), or some fast and very simply heuristics.

When T is a text string, the most famous instantiation of the PPC-paradigm
has been obtained by combining the Burrows and Wheeler Transform [5] (shortly
BWT) with a context-based grouping of the input characters, which are finally
compressed via proper 0-th order-entropy compressors (like MTF, RLE, Huffman,
Arithmetic, or their combinations, see e.g. [26]). In this scenario the permuta-
tion acts on single characters, and the partitioning/permuting steps deploy the
context (substring) following each symbol in the original string. Several papers
have given an analytic account of this phenomenon [21,9,17,20] and have shown,
also experimentally [8], that the partitioning of the BW-transformed text is a
key step for achieving effective compression ratios. Starting from these premises,
[15] attacked the computation of the optimal partition of T via a DP-approach,
which turned out to be very costly; then [10] (and subsequently many other au-
thors, see e.g. [9,20,11]) proposed a boosting solution which is not optimal but,
nonetheless, achieves interesting k-th order-entropy bounds. This is indeed a sub-
tle point, frequently neglected. In fact, we are able to show [12] that there exists
an infinite class of strings for which the compression achieved by the booster is
far from the optimal-partitioning by a multiplicative factor Ω(

√
log n).

There is another interesting scenario in which the PPC-paradigm occurs and
this is when T is a single (long) file, eventually obtained by concatenating a
collection of (smaller) files via any permutation of them: think to the serialization
induced by the Unix tar command, or other more sophisticated heuristics like
the ones discussed in e.g. [23,6]. In these cases, the partitioning step looks for
homogeneous groups of contiguous files (or even within-file blocks of chars) which
can be effectively compressed together by a base-compressor C — typically gzip,
bzip2, ppm, etc. [26]. It is clear that how much redundancy can be detected and
exploited by these compressors depends on their ability to “look back” at the
previously seen data, and this has a cost in terms of memory usage and running
time. Thus most compression systems provide a facility that controls the amount
of data that may be processed at once — usually called the block size — ranging
from few hundreds KBs [26] to few hundreds MBs [8]. Subtly, using larger blocks
to be compressed at once does not necessarily induce a better compression ratio!
As an example, let us take C as the simple Huffman or Arithmetic coders and
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use them to compress the text T = 0n/21n/2: there is a clear difference whether
we compress individually the two halves of T (achieving an output size of about
O(log n) bits) or we compress T as a whole (achieving n + O(log n) bits). A
similar example can be shown [12] for more powerful compressors, such as the
k-th order entropy encoder ppm which compresses each symbol according to its
preceding k-long context. Therefore the impact of the choice of the block size
cannot be underestimated and may be problematic, since it may change along
the whole file we are compressing.

In summary, fast and effective algorithms or heuristics for the permuting step
are known (see e.g. [3,10,11,24]), but not yet known is how to compute efficiently
the optimal partition of the permuted data for compression boosting (see [4]).
The goal of this paper is to provide the first efficient approximation algorithm
for this problem, formally stated as follows.

Let C be the base compressor we wish to boost, and let T [1, n] be the input
string we wish to partition and then compress by C. So, we are assuming that T
has been (possibly) permuted in advance, and we are concentrating on the last
two steps of the PPC-paradigm. Now, given a partition P of the input string
into contiguous substrings, say T = T1T2 · · ·Tk, we denote by Cost(P) the cost
of this partition and measure it as

∑l
i=1 |C(Ti)|, where |C(α)| is the length in

bit of the string α compressed by C. The problem of optimally partitioning T
according to the base-compressor C consists then of computing the partition Popt

which achieves the shortest compressed output, namely Popt = minP Cost(P).
As we mentioned above, Popt might be computed via a Dynamic-Programming
approach [3,15] in Θ(n3) time, which is clearly unfeasible even on small input
sizes n. In this paper we provide the first algorithm which is guaranteed to
compute in O(n(log1+ε n) polylog(n))) time a partition of T whose compressed
output is guaranteed to be no more than (1 + ε)-worse than the optimal one,
where ε may be any positive constant. Due to the lack of space, proofs and many
details are omitted from this paper but can be found in [12].

2 Notation

In this paper we will use entropy-based upper bounds for the estimation of
|C(T [i, j])|, so we need to recall some basic notation and terminology about
entropies. Let T [1, n] be a string drawn from the alphabet Σ of size σ. For
each c ∈ Σ, we let nc be the number of occurrences of c in T . The zero-th
order empirical entropy of T is defined as H0(T ) =

∑h
c∈Σ

nc

n log n
nc

. Recall that
|T |H0(T ) provides an information-theoretic lower bound to the output size of
any compressor that encodes each symbol of T with a fixed code [26]. The so-
called zero-th order statistical compressors (such as Huffman or Arithmetic [26])
achieve an output size which is very close to this bound. However, they require
to know information about frequencies of input symbols (called the model of
the source). Those frequencies can be either known in advance (static model)
or computed by scanning the input text (semi-static model). In both cases the
model must be stored in the compressed file to be used by the decompressor.
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In the following we will bound the compressed size achieved by zero-th order
compressors by |C0(T )| ≤ λnH0(T ) + f0(n, σ) bits, where λ is a positive con-
stant and f0(n, σ) is a function including the extra costs of encoding the source
model and/or other inefficiencies of C. We will also assume that f0(n, σ) can be
computed in constant time. As an example, Huffman has f0(n, σ) = σ log σ + n
and λ = 1, whereas Arithmetic has f0(n, σ) = σ log n + log n/n and λ = 1.

Let us now come to more powerful compressors. For any string u of length
k, we denote by uT the string of single symbols following the occurrences of u
in T , taken from left to right. For example, if T = mississippi and u = si,
we have uT = sp since the two occurrences of si in T are followed by the
symbols s and p, respectively. The k-th order empirical entropy of T is defined
as Hk(T ) = 1

|T |
∑

u∈Σk |uT | H0(uT ). We have Hk(T ) ≥ Hk+1(T ) for any k ≥ 0.
As usual in data compression [21], the value nHk(T ) is an information-theoretic
lower bound to the output size of any compressor that encodes each symbol of
T with a fixed code that depends on the symbol itself and on the k immediately
preceding symbols. Recently (see e.g. [18,21,10,9,20,11] and refs therein) authors
have provided upper bounds in terms of Hk(T ) for sophisticated data-compression
algorithms, such as gzip [18], bzip2 [21,10,17], and ppm. These bounds have
the form |C(T )| ≤ λ|T | Hk(T ) + fk(|T |, σ), where λ is a positive constant and
fk(|T |, σ) is a function including the extra-cost of encoding the source model
and/or other inefficiencies of C. The smaller are λ and fk(), the better is the
compressor C. As an example, the bound of the compressor in [20] has λ = 1
and f(|T |, σ) = O(σk+1 log |T |+ |T | log σ log log |T |/ log |T |).1

In our paper we will use these entropy-based bounds for the estimation of
|C(T [i, j])|, but of course this will not be enough to achieve a fast DP-based
algorithm for our optimal-partitioning problem. We cannot re-compute from
scratch those estimates for every substring T [i, j] of T , being them Θ(n2) in
number. So we will show some structural properties of our problem (Sect 3)
and introduce few novel technicalities (Sect 4–5) that will allow us to compute
Hk(T [i, j]) only on a reduced subset of T ’s substrings, having size O(n log1+ε n),
by taking O(polylog(n)) time per substring and O(n) space overall.

3 The Problem and Our Solution

The optimal partitioning problem, stated in Sect 1, can be reduced to a single
source shortest path computation (SSSP) over a directed acyclic graph G(T )
defined as follows. The graph G(T ) has a vertex vi for each text position i of
T , plus an additional vertex vn+1 marking the end of the text, and an edge
connecting vertex vi to vertex vj for any pair of indices i and j such that i <
j. Each edge (vi, vj) has associated the cost c(vi, vj) = |C(T [i, j − 1])| that
corresponds to the size in bits of the substring T [i, j − 1] compressed by C. We
remark the following crucial, but easy to prove, property of the cost function:
1 Many results (see [21,10,9] and refs therein) are expressed in term of k-th order

modified empirical entropy of T and have the form λ|T |H∗
k(T ) + gk(σ). In [12] we

show how to extend our results to this entropy too.
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Fact 1 For any vertex vi, it is 0 < c(vi, vi+1) ≤ c(vi, vi+2) ≤ . . . ≤ c(vi, vn+1)

There is a one-to-one correspondence between paths from v1 to vn+1 in G(T ) and
partitions of T : every edge (vi, vj) in the path identifies a contiguous substring
T [i, j − 1] of the corresponding partition. Therefore the cost of a path equals
the (compression-)cost of the corresponding partition. Thus we can find the
optimal partition of T by computing the shortest path in G(T ) from v1 to vn+1.
Unfortunately this simple approach has two main drawbacks:

1. the number of edges in G(T ) is Θ(n2), thus making the SSSP computation
inefficient if executed directly over G(T );

2. the computation of the each edge cost might take Θ(n) time over most T ’s
substrings, if C is run on each of them from scratch.

In the following sections we will successfully address both these two drawbacks.
First, we sensibly reduce the number of edges in the graph G(T ) to be ex-
amined during the SSSP computation and show that we can obtain a (1 + ε)
approximation using only O(n log1+ε n) edges, where ε > 0 is a user-defined pa-
rameter (Sect 3.1). Second, we show some sufficient properties that C needs to
satisfy in order to compute every edge’s cost efficiently. These properties hold
for some well-known compressors— e.g. 0-order compressors, PPM-like and bzip-
like compressors— so, for them, we will show how to compute each edge cost in
constant or polylogarithmic time (Sect 4–6).

3.1 A Pruning Strategy

The aim of this section is to design a pruning strategy that produces a subgraph
Gε(T ) of the original DAG G(T ) in which the shortest path distance between its
leftmost and rightmost nodes, v1 and vn+1, increases by no more than a factor
(1 + ε). We define Gε(T ) to contain all edges (vi, vj) of G(T ), recall i < j, such
that at least one of the following two conditions holds:

1. there exists a positive integer k such that c(vi, vj) ≤ (1 + ε)k < c(vi, vj+1);
2. j = n + 1.

In other words, by property 1, we are keeping for each integer k the edge of
G(T ) that approximates at the best the value (1 + ε)k from below. Given this,
we will call ε-maximal the edges of Gε(T ). Clearly, each vertex of Gε(T ) has at
most log1+ε n = O(1

ε log n) outgoing edges, which are ε-maximal by definition.
Therefore the total size of Gε(T ) is O(n log1+ε n). Hereafter, we denote with
dG(−,−) the shortest path distance between any two nodes in a graph G.

The following lemma states a basic property of shortest path distances over
our special DAG G(T ):

Lemma 1. For any triple of indices 1 ≤ i ≤ j ≤ q ≤ n+1 we have dG(T )(vj , vq)
≤ dG(T )(vi, vq) and dG(T )(vi, vj) ≤ dG(T )(vi, vq).
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The correctness of our pruning strategy relies on the following theorem:

Theorem 2. For any text T , the shortest path in Gε(T ) from v1 to vn+1 has a
total cost of at most (1 + ε) dG(T )(v1, vn+1).

Proof: We prove a stronger assertion: dGε(T )(vi, vn+1) ≤ (1 + ε) dG(T )(vi, vn+1)
for any index 1 ≤ i ≤ n+1. This is clearly true for i = n+1, because in that case
the distance is 0. Now let us inductively consider the shortest path π in G(T )
from vi to vn+1 and let (vk, vt1)(vt1 , vt2) . . . (vth

vn+1) be its edges. By the defi-
nition of ε-maximal edge, it is possible to find an ε-maximal edge (vk, vr) with
t1 ≤ r, such that c(vk, vr) ≤ (1 + ε) c(vk, vt1). By Lemma 1, dG(T )(vr, vn+1) ≤
dG(T )(vt1 , vn+1). By induction, dGε(T )(vr, vn+1) ≤ (1 + ε) dG(T )(vr, vn+1). Com-
bining this with the triangle inequality we get the thesis. ��

3.2 Space and Time Efficient Algorithms for Generating Gε(T )

Theorem 2 ensures that, in order to compute a (1 + ε) approximation of the
optimal partition of T , it suffices to compute the SSSP in Gε(T ) from v1 to vn+1.
This can be easily computed in O(|Gε(T )|) = O(n logε n) time since Gε(T ) is a
DAG [7], by making a single pass over its vertices and relaxing all edges going
out from the current one.

However, generating Gε(T ) in efficient time is a non-trivial task for three main
reasons. First, the original graph G(T ) contains Ω(n2) edges, so that we cannot
check each of them to determine whether it is ε-maximal or not, because this
would take Ω(n2) time. Second, we cannot compute the cost of an edge (vi, vj)
by executing C(T [i, j−1]) from scratch, since this would require time linear in the
substring length, and thus Ω(n3) time over all T ’s substrings. Third, we cannot
materialize Gε(T ) (e.g. its adjacency lists) because it consists of Θ(n polylog(n))
edges, and thus its space occupancy would be super-linear in the input size.

The rest of this section is devoted to design an algorithm which overcomes the
three limitations above. The specialty of our algorithm consists of materializing
Gε(T ) on-the-fly, as its vertices are examined during the SSSP-computation, by
spending only polylogarithmic time per edge. The actual time complexity per
edge will depend on the entropy-based cost function we will use to estimate
|C(T [i, j − 1])| (see Sect 2) and on the dynamic data structure we will deploy to
compute that estimation efficiently.

The key tool we use to make a fast estimation of the edge costs is a dynamic
data structure built over the input text T and requiring O(|T |) space. We state
the main properties of this data structure in an abstract form, in order to design
a general framework for solving our problem; in the next sections we will then
provide implementations of this data structure and thus obtain real time/space
bounds for our problem. So, let us assume to have a dynamic data structure that
maintains a set of sliding windows over T denoted by w1, w2, . . . , wlog1+ε n. The
sliding windows are substrings of T which start at the same text position l but
have different lengths: namely, wi = T [l, ri] and r1 ≤ r2 ≤ . . . ≤ rlog1+ε n. The
data structure must support the following three operations:
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1. Remove() moves the starting position l of all windows one position to the
right (i.e. l + 1);

2. Append(wi) moves the ending position of the window wi one position to the
right (i.e. ri + 1);

3. Size(wi) computes and returns the value |C(T [l, ri])|.
This data structure is enough to generate ε-maximal edges via a single pass over
T , using O(|T |) space. More precisely, let vl be the vertex of G(T ) currently
examined by our SSSP computation, and thus l is the current position reached
by our scan of T . We maintain the following invariant: the sliding windows cor-
respond to all ε-maximal edges going out from vl, that is, the edge (vl, v1+rt) is
the ε-maximal edge satisfying c(vl, v1+rt) ≤ (1 + ε)t < c(vl, v1+(rt+1)). Initially
all indices are set to 0. To maintain the invariant, when the text scan advances
to the next position l + 1, we call operation Remove() once to increment index
l and, for each t = 1, . . . , log1+ε(n), we call operation Append(wt) until we find
the largest rt such that Size(wt) = c(vl, v1+rt) ≤ (1 + ε)t. The key issue here is
that Append and Size are paired so that our data structure should take advan-
tage of the rightward sliding of rt for computing c(vl, v1+rt) efficiently. Just one
character is entering wt to its right, so we need to deploy this fact for making the
computation of Size(wt) fast (given its previous value). Here comes into play the
second contribution of our paper that consists of adopting the entropy-bounded
estimates for the compressibility of a string, mentioned in Sect 2, to estimate
indeed the edge costs Size(wt) = |C(wt)|. This idea is crucial because we will
be able to show that these functions do satisfy some structural properties that
admit a fast incremental computation, as the one required by Append + Size.
These issues will be discussed in the following sections, here we just state that,
overall, the SSSP computation over Gε(T ) takes O(n) calls to operation Remove,
and O(n log1+ε n) calls to operations Append and Size.

Theorem 3. If we have a dynamic data structure occupying O(n) space and
supporting operation Remove in time L(n), and operations Append and Size in
time R(n), then we can compute the shortest path in Gε(T ) from v1 to vn+1

taking O(n L(n) + (n log1+ε n) R(n)) time and O(n) space.

4 On Zero-th Order Compressors

In this section we explain how to implement the data structure above when-
ever C is a 0-th order compressor, and thus H0 is used to provide a bound to
the compression cost of G(T )’s edges (see Sect 2). The key point is actually to
show how to efficiently compute Size(wi) as the sum of |T [l, ri]|H0(T [l, ri]) =∑

c∈Σ nc log((ri−l+1)/nc) (see its definition in Sect 2) plus f0(ri−l+1, |ΣT [l,ri]|),
where nc is the number of occurrences of symbol c in T [l, ri] and |ΣT [l,ri]| denotes
the number of different symbols in T [l, ri].

The first solution we are going to present is very simple and uses O(σ) space
per window. The idea is the following: for each window wi we keep in memory an
array of counters Ai[c] indexed by symbol c in Σ. At any step of our algorithm,



On Optimally Partitioning a Text to Improve Its Compression 427

the counter Ai[c] stores the number of occurrences of symbol c in T [l, ri]. For any
window wi, we also use a variable Ei that stores the value of

∑
c∈Σ Ai[c] log Ai[c].

It is easy to notice that:

|T [l, ri]| H0(T [l, ri]) = (ri − l + 1) log(ri − l + 1) − Ei. (1)

Therefore, if we know the value of Ei, we can answer to a query Size(wi) in
constant time. So, we are left with showing how to implement efficiently the two
operations that modify l or any rs value and, thus, modify appropriately the E’s
value. This can be done as follows:

1. Remove(): For each window wi, we subtract from the appropriate counter and
from variable Ei the contribution of the symbol T [l] which has been evicted
from the window. That is, we decrease Ai[T [l]] by one, and update Ei by sub-
tracting (Ai[T [l]]+1) log(Ai[T [l]]+1) and then summing Ai[T [l]] logAi[T [l]].
Finally we set l = l + 1.

2. Append(wi): We add to the appropriate counter and variable Ei the con-
tribution of the symbol T [ri + 1] which has been appended to window wi.
That is, we increase Ai[T [r + 1]] by one, then we update Ei by subtracting
(A[T [ri+1]]−1) log(A[T [ri+1]]−1) and summing A[T [ri+1]] log A[T [ri+1]].
Finally we set ri = ri + 1.

In this way, operation Remove requires constant time per window, hence
O(log1+ε n) time overall. Append(wi) takes constant time. The space required
by the counters Ai is O(σ log1+ε n) words. Unfortunately, the space complexity
of this solution can be too much when it is used as the basic-block for com-
puting the k-th order entropy of T (see Sect 2) as we will do in Sect 5. In fact,
we would achieve min(σk+1 log1+ε n, n log1+ε n) space, which may be superlinear
in n depending on σ and k. We can extend the previous scheme to obtain an
efficient solution up to σ = O(poly(n)) but, because of space limitations, its
technicalities are reported in the full version of this paper [12]. The following
lemma states the final result.

Lemma 2. Let T [1, n] be a text drawn from an alphabet of size σ = poly(n).
If we estimate Size() via 0-th order entropy (as detailed in Sect 2), then we
can design a dynamic data structure that takes O(n) space and supports the
operations Remove in R(n) = O(log1+ε n) time, and Append and Size in L(n) =
O(1) time.

In order to evict the cost of the model from the compressed output (see Sect
2), authors typically resort to zero-th order adaptive compressors which do not
store the symbols’ frequencies, since they are computed incrementally during the
compression [16]. An approach similar to the previous one (but with little more
technicalities, given in [12]) can be used to solve the case in which we use a 0-th
order adaptive compressor C for providing the edge-costs of G(T ). For this case
we can prove the same time and space bounds of Lemma 2. Combining this with
Theorem 3 we obtain:
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Theorem 4. Given a text T [1, n] drawn from an alphabet of size σ = poly(n),
we can find an (1 + ε)-optimal partition of T with respect to a 0-th order (adap-
tive) compressor in O(n log1+ε n) time and O(n) space, where ε is any positive
constant.

We point out that this result can be applied to the compression booster of [10]
to fast obtain an approximation of the optimal partition of BWT(T ). This may be
better than the algorithm of [10] both in time complexity, since that algorithm
takes O(nσ) time, and in compression ratio (details in [12]). The case of a large
alphabet (namely, σ = Ω(polylog(n))) is particularly interesting whenever we
consider either a word-based BWT [22] or the XBW-transform over labeled trees [10]
for which Σ is either the set of words or tags in a text. We notice that our result
is interesting also for the Huffword compressor which is the standard choice for
the storage of Web pages [26]; here Σ consists of the distinct words constituting
the Web-page collection.

5 On k-th Order Compressors

In this section we make one step further and consider the more powerful k-th
order compressors, for which do exist Hk bounds for estimating the size of their
compressed output. Here Size(wi) must compute |C(T [l, ri])| which is estimated,
as detailed in Sect 2, by (ri − l + 1)Hk(T [l, ri]) + fk(ri − l + 1, |ΣT [l,ri]|), where
ΣT [l,ri] denotes the number of different symbols in T [l, ri]..

Let us denote with Tq[1, n− q] the text whose i-th symbol Tq[i] is equal to the
q-gram T [i, i + q − 1]. Actually, we can remap the symbols of Tq to integers in
[1, n]. In fact the number of distinct q-grams occurring in Tq is less than n = |T |.
Thus Tq’s symbols take O(log n) bits and Tq can be stored in O(n) space. This
remapping takes linear time and space, whenever σ is polynomial in n.

It is well-known that the k-th order entropy of a string (see definition Sect
2) can be expressed as the difference between the zero-th order entropy of its
(k + 1)-grams and the one of its k-grams. This suggests that we can use the
solution of the previous section in order to compute the zero-th order entropy of
the appropriate substrings of Tk+1 and Tk. More precisely, we use two instances
of the data structure of Theorem 4 (one for Tk+1 and one for Tk), which are
kept synchronized in the sense that, when operations are performed on one data
structure, then they are also executed on the other.

Lemma 3. Let T [1, n] be a text drawn from an alphabet of size σ = poly(n).
If we estimate Size() via k-th order entropy (as detailed in Sect 2), then we
can design a dynamic data structure that takes O(n) space and supports the
operations Remove in R(n) = O(log1+ε n) time, and Append and Size in L(n) =
O(1) time.

Essentially the same technique is applicable to the case of k-th order adaptive
compressor C, in this case we keep up-to-date the 0-th order adaptive entropies
of the strings Tk+1 and Tk (details in [12]).
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Theorem 5. Given a text T [1, n] drawn from an alphabet of size σ = poly(n),
we can find an (1 + ε)-optimal partition of T with respect to a k-th order (adap-
tive) compressor in O(n log1+ε n) time and O(n) space, where ε is any positive
constant.

We point out that this result applies also to the practical case in which the
base compressor C has a maximum (block) size B of data it can process at once
(this is the typical scenario for gzip, bzip2, etc.). In this situation the time
performance of our solution reduces to O(n log1+ε(B log σ)).

6 On BWT-based Compressors

As we mentioned in Sect 2 we know entropy-bounded estimates for the output
size of BWT-based compressors. So we could apply Theorem 5 to compute the
optimal partitioning of T for such a type of compressors. Nevertheless, it is also
known [8] that such compression-estimates are rough in practice because of the
features of the compressors that are applied to the BWT(T )-string. Typically, BWT
is encoded via a sequence of simple compressors such as MTF, RLE (which is op-
tional), and finally a 0-order encoder like Huffman or Arithmetic [26]. For each
of these compression steps, a 0-th entropy bound is known [10,9], but the com-
bination of these bounds may result far from the final compressed size produced
by the overall sequence of compressors in practice [8].

We propose a solution to the optimal partitioning problem for BWT-based com-
pressors that introduces a Θ(σ log n) slowdown in the time complexity of Theo-
rem 5, but with the advantage of computing the (1+ ε)-optimal solution wrt the
real compressed size, thus without any estimation of it by entropy-cost functions.
Since in practice it is σ = polylog(n), this slowdown is negligible. In order to
achieve this result, we need to address a slightly different problem which is de-
fined as follows. The input string T has the form S[1]#1S[2]#2 . . . S[m]#n where
each S[i] is a text (called page) drawn from an alphabet Σ, and #1, #2, . . . , #n

are special characters greater than any symbol of Σ. A partition of T must be
page-aligned, in that it must form groups of contiguous pages S[i]#i . . . S[j]#j ,
denoted also S[i, j]. Our aim is to find a page-aligned partition whose compressed
output-size is a factor at most (1 + ε) the minimum possible one, for any fixed
ε > 0. We notice that this problem generalizes the table partitioning problem
[3], since we can assume that S[i] is a column of the table.

To simplify things we will drop the RLE encoding step of a BWT-based algo-
rithm, and defer the complete solution to the full version of this paper. We start
by noticing that an analog of Theorem 3 holds for this variant of the optimal
partitioning problem, which implies that a (1+ε)-approximation of the optimum
cost (and the corresponding partition) can be computed using a data structure
supporting operations Append, Remove, and Size; with the only difference that
the windows w1, w2, . . . , wm subject to the operations are groups of contiguous
pages of the form wi = S[l, ri].

It goes without saying that there exist data structures designed to maintain
a dynamic text compressed with a BWT-based compressor under insertions and
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deletions of symbols (see [13] and references therein). But they do not fit our
context for two reasons: (1) their underlying compressor is significantly different
from the scheme above; (2) in the worst case, they would spend linear space per
window yielding a super-linear overall space complexity.

Instead of keeping a given window w in compressed form, our approach
will only store the frequency distribution of the integers in the string w′ =
MTF(BWT(w)) since this is enough to compute the compressed output size pro-
duced by the final step of the BWT-based algorithm, which is usually implemented
via Huffman or Arithmetic [26]. Indeed, since MTF produces a sequence of inte-
gers from 0 to σ, we can store their number of occurrences for each window wi

into an array Fwi of size σ. The update of Fwi due to the insertion or the removal
of a page in wi incurs two main difficulties: (1) how to update w′

i as pages are
added/removed from the extremes of the window wi, (2) perform this update
implicitly over Fwi , because of the space reasons mentioned above. Our solution
relies on two key facts about BWT and MTF:

1. Since the pages are separated in T by distinct separators, inserting or re-
moving one page into a window w does not alter the relative lexicographic
order of the original suffixes of w (see [13]).

2. If a string s′ is obtained from string s by inserting or removing a char c
into an arbitrary position, then MTF(s′) differs from MTF(s) in at most σ
symbols. More precisely, if c′ is the next occurrence in s of the newly inserted
(or removed) symbol c, then the MTF has to be updated only in the first
occurrence of each symbol of Σ among c and c′.

Due to space limitations we defer to [12] for details, and state here the result we
are able to achieve.

Theorem 6. Given a sequence of texts of total length n and alphabet size σ =
poly(n), we can compute an (1 + ε)-approximate solution to the optimal parti-
tioning problem for a BWT-based compressor, in O(n(log1+ε n) σ log n) time and
O(n + σ log1+ε n) space.

We conclude this paper by devising two possible directions of research, which
consist either in investigating the design of o(n2)-time algorithms for computing
the exact optimal partition, and/or experimenting our solution over large textual
datasets.
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